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Abstract. In this paper, closed forms of the summation formulas for generalized Fibonacci numbers are
presented. As special cases, we give summation formulas of Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal,
Jacobsthal-Lucas numbers. We present the proofs to indicate how these formulas, in general, were discovered.
Of course, all the listed formulas may be proved by induction, but that method of proof gives no clue about
their discovery.
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1. Introduction

In [4] Horadam defined a generalization of Fibonacci sequence as a second-order linear recurrence se-

quence {W,,(Wy, Wy;r, s)}, or simply {W,}, as follows:
(1.1) Wy, =rWyh_1+ sWy_o; Wo=a, Wi =b, (n>2)

where Wy, Wy are arbitrary complex numbers and r, s are complex numbers, see also Horadam [3], [5] and [6].
Now these generalized Fibonacci numbers {W,,(a,b;r, s)} are also called Horadam numbers. The sequence

{W,}n>0 can be extended to negative subscripts by defining
T 1

W_,= —7W_(n_1) + 7W_(n_2)
s s

for n =1,2,3,... when s # 0. Therefore, recurrence (1.1) holds for all integer n.

For some specific values of a, b, r and s, it is worth presenting these special Horadam numbers in a table
as a specific name. In literature, for example, the following names and notations (see Table 1) are used for
the special cases of 7, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences.
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Name of sequence Notation: W, (a,b;r, s) OEIS: [12]

Fibonacci F, =W,(0,1;1,1) A000045
Lucas Lo = W,(2,1;1,1) A000032

Pell Py = W, (0,1;2,1) A000129
Pell-Lucas Qrn =Wy,(2,2;2,1) A002203
Jacobsthal Jn = Wp(0,1;1,2) A001045
Jacobsthal-Lucas Jgn = Win(2,1;1,2) A014551

In this work, we investigate some summation formulas of generalized Fibonaci numbers. We present
some works on summing formulas of the numbers in the following Table 2.

Table 2. A few special study of sum formulas.

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [7], [9, 10]

Generalized Fibonacci [1,8,13,14,15]

Generalized Tribonacci [2,11,16,17]

Generalized Tetranacci [18,19, 23]

Generalized Pentanacci [20,21]

Generalized Hexanacci [22]

2. Summing Formulas of Generalized Fibonacci Numbers with Positive Subscripts
The following theorem presents some summing formulas of generalized Fibonacci numbers with positive
subscripts.
THEOREM 2.1. Let x be a complex number. For n > 0 we have the following formulas:
(a): If sx®> + 712 — 1 #0 then

ika . "W, + 2" = r2) Wy — Wy + (rz — 1)W
P b sx2 +rx—1 ’

(b): If r?x — s22% 4+ 2sz — 1 # 0 then

zn: Wy — —z" L (sz — 1) Wapqa + 182" P2 Wy 11 — raWi + (r’x + sz — 1)W0.
pors rix — s222 +2sx — 1

(c): If r’z — 22 4+ 2sz — 1 # 0 then

Xn:ka _ ra" T Wa, 1o — sa™ L (sz — 1) Wapiq + (sz — 1)Wy — rsaW
P 2k r2r — 22?2 + 25z — 1 '

Proof.

(a): Using the recurrence relation

Wo=rWy_1+sW,_o
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sWyp_o =W, —rW,_1
we obtain
1 1 1
st Wy = x Wz —rz Wy

st?Wy = Wy —rzWs

sz YW1 = 2" W —ra" W,

sx" Wy, = x"Wyio —ra" Wy

If we add the equations by side by, we get

ika _ 2" Wags + 2" (1~ ra)Waga — aWi + (re — 1)Wy
prs k sz2 +rx—1 ’

(b) and (c): Using the recurrence relation

Wy, =rWh_1+ sWy_o

i.e.
Tanl = Wn - SWn72
we obtain
re'Ws = 2'Wy — sz'Ws
re®Ws = 22Ws — sz?Wy
re’Ws, = 23Wg — sz3 Wy
" Wan1 = 2" Way, — sz Wa, o
re"Wopp1 = x"Wapyo — sz"Wa,.

Now, if we add the above equations by side by, we get

(21) T’(—Wl + ZiﬂkWQkJrl) = (iL’nW2n+2 — Wy — £L’71W0 + Z$k71W2k) — S(—Wo + ZZkWQk).
k=0 k=0 k=0

Similarly, using the recurrence relation
Wn = rWn—l + SWn—Q

i.e.

TWho1 =Wy, —sW,_o
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we write the following obvious equations;
1 1 1
reWoy = xWs—sx W,

ra?W, = 2°Ws — sa®Ws

redWe = 23Wy — sz3Ws
(i 17 = 2" 'W. [ 7%
rr 2n—2 = T 2n—1 — ST 2n—3
n n n
ra Wgn = X W2n+1 — ST Wgnfl

Now, if we add the above equations by side by, we obtain
(2.2) T(—WO + Z.’L‘kWQk) = (—W1 + Zl’kWQkJrl) — S(—a?TL+1W2n+1 + Zwk+1WQk+1).
k=0 k=0 k=0

Then, solving the system (2.1)-(2.2), the required result of (b) and (c) follow.

2.1. The Case x = 1. The case z = 1 of Theorem 2.1 is given in [14]. In this subsection, we only
consider the case x = 1,7 = 1, s = 2 and we present a theorem which its proof is different than given in [14]
(in fact the formulas given in the following theorem are in different forms than given in [14]).

Observe that setting x = 1,7 = 1, s = 2 (i.e. for the generalized Jacobsthal case) in Theorem 2.1 (b) and
(c) makes the right hand side of the sum formulas to be an indeterminate form. Application of L’Hospital

rule however provides the evaluation of the sum formulas. If r = 1, s = 2 then we have the following theorem.

THEOREM 2.2. Ifr =1,s =2 then for n > 0 we have the following formulas:
(a):

1
Wk = E(WnJrQ — Wl)
k=0

(b):

= 1
> Wy = 3((0+3) Wanis =2 (n +2) Wanys + Wi = 3Wo).
k=0

n
1
> Wakir = (5 (1) Wango 2 (n 4 3) Wapga = 2W1 + 2Wo).
k=0

Proof.

(a): Take x = 1,7 = 1,5 = 2 in Theorem 2.1 (a).
(b): We use Theorem 2.1 (b). If we set » = 1,s = 2 in Theorem 2.1 (b) then we have

i W — —gntl (233 — 1) Waon4o + 2.’En+2W2n+1 — Wy + (3.%‘ — 1) Wo
P 2k —4z2 4+ 5z — 1 '
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For x = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we can

use L’Hospital rule. Then we get

i: W- %(_l.njtl (2$ - 1) W2n+2 + 2$n+2W2n+1 - (L'Wl + (31’ — 1) Wo)
2k — a
k=0 %(—4.'132 + dx — 1) et
1
= g((”+3) Wanto — 2(n + 2) Wopy1 + Wi — 3W).

(c): We use Theorem 2.1 (c). If we set r = 1, s = 2 in Theorem 2.1 (c) then we have

o 2" M Wap o — 22"+ (20 — 1) Wangq + (22 — 1) Wy — 22Wy
Z$ Waoky1 = A2 .
s —4x? +bx —1

For x = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we can

use L’Hospital rule. Then we obtain

z": Worrs = (@ Waypo — 2xn+1d(2x — 1) Wopy1 + (22 — 1) Wy — 22Wp)
= o (—42? 4+ 52 — 1) -
1
= g(* (771+].) W2n+2 +2(7’L+3) W2n+1 72W1 +2WO)

Note that different forms of the sum formulas of the above Theorem (b) and (c) are given in [14].
From the last theorem we have the following corollary which gives sum formulas of Jacobsthal numbers

(take W,, = J,, with Jy =0,J; = 1).

COROLLARY 2.3. For n > 0, Jacobsthal numbers have the following property:
(a): Yor_odk = %(J,H_g —-1).
(b): Yoio Jor = 5((n +3) Jantz2 = 2(n +2) Jopi1 +1).
(©): Yheo Jort1 = 5(—= (n+1) Japiz +2(n+3) Jons1 — 2).

Taking W,, = j, with jo = 2,71 = 1 in the last theorem, we have the following corollary which presents

sum formulas of Jacobsthal-Lucas numbers.

COROLLARY 2.4. For n > 0, Jacobsthal-Lucas numbers have the following property:
(@) Yhodk = 5(int2 — 1)
(b): Y i_gdor = 5((n+3) jontz — 2(n 4 2) jons1 — 5).
(©): Dp—odokt1 = %(_ (n+1) jont2 + 2 (n+ 3) jont1 + 2).

2.2. The Case z = —1. We now consider the case x = —1 in Theorem 2.1. The following theorem

presents some summing formulas of generalized Fibonacci numbers with positive subscripts.

THEOREM 2.5. Forn > 0 we have the following formulas:

(a): If s—r —1+#0 then

n

kg D" W+ (CD"T - D W + Wi = (r+ 1) W
Z( D)W = s—r—1 '

k=0
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(b): If —r? —s? —2s5—1

i(—l)kW _ (71)n+1 (S + ]-) W2n+2 + (71)71 TSWQnJ'_l —+ TWl - (7"2 + s+ ]_) WO
k=0 o —r2—s2-2s-1 .
(€): If —r? — 5% — 25 — 1 #0 then
zn:(*l)kW = (=D)" " rWapgo + (=1)" s (s + 1) Wanga = Wi (s +1) +rsW
k=0 o —r2—s2—-25s—1 :

Taking r = s = 1 in Theorem 2.5 (a), (b) and (c) we obtain the following proposition.

PROPOSITION 2.6. Ifr =s =1 then for n > 0 we have the following formulas:
(a): Sr_o (1) Wy = (—1)" T Wiio +2(=1)" Wiy + 2W, — Wi
(b): Yohoo(—1)FWay = 1(2(=1)" Wansa + (=1)" Wapy1 — Wy + 3W0).
(©): Xpo(=1)f Wappr = 5((=1)" Wanto + 2 (=1)" Wapps + 2W1 — Wo).
From the above proposition, we have the following corollary which gives sum formulas of Fibonacci

numbers (take W,, = F,, with F; =0, F; = 1).

COROLLARY 2.7. For n > 0, Fibonacci numbers have the following properties:
(@): Yp_o(—1)FF = (=1)"" Foya +2(=1)" Fopn — 1.
(b): Sp_o(—1) Fop = 2(2(=1)" Fapsyo + (=1)""" Fapya — 1).
(©): Y o(=D*Fopir = 2((=1)" Fanya +2(=1)" Fony1 + 2).
Taking W,, = L,, with Ly = 2,L; = 1 in the last proposition, we have the following corollary which

presents sum formulas of Lucas numbers.

COROLLARY 2.8. Forn >0, Lucas numbers have the following properties:
(a): Zp_o(=1) Ly = (-1)
(b): Y oi_o(=1)F Lok = £(2(=1)" Langa + (=1)"" Lapy1 +5).
(©): Xp_o(=1)* Lags1 = 5((=1)" Lant2 + 2 (=1)" Lant1).

n+1 n+2 +2(_1)71 LTL+1 +3

Taking r = 2,5 = 1 in Theorem 2.5 (a), (b) and (c¢) we obtain the following proposition.

PROPOSITION 2.9. Ifr =2,s =1 then for n > 0 we have the following formulas:
(a): S p (1) Wy = L(—=1)" Wiso + 3 (=1)" W1 — Wi + 3Wp).
(b): o (1) Wy, = 2((=1)" Wango + (1) Wapi1 — Wi + 3Wp).
(€): Yoro (=) Wap g1 = 3((=1)" Wapngo + (=1)" Wapyy + Wi — W).
From the last proposition, we have the following corollary which gives sum formulas of Pell numbers

(take W, = P, with Py =0, P, = 1).

COROLLARY 2.10. Forn > 0, Pell numbers have the following properties:
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(a): Yop_o(=1)"P. = §(
(b): Yhoo(=1) Py = ;

Taking W,, = @Q,, with Qg = 2,Q1 = 2 in the last proposition, we have the following corollary which

presents sum formulas of Pell-Lucas numbers.

COROLLARY 2.11. Forn > 0, Pell-Lucas numbers have the following properties:
(@): Yho(-1"Qu = 3((-1)"" Qui2 +3(=1)" Qui1 +4).
(b): > r_o(=1)* Qo = 1((—1)" Qant2 + (—1)" " Qapi1 +4).
(C): ZZ:O(_l)kQ%H = %((‘Un Q2n+2 + (_1)n Q2n+1)-

Observe that setting x = —1,7r = 1,8 = 2 (i.e. for the generalized Jacobsthal case) in Theorem 2.1
(a) makes the right hand side of the sum formula to be an indeterminate form. Application of L’Hospital
rule however provides the evaluation of the sum formula of (a). If » = 1, s = 2 then we have the following

theorem.

THEOREM 2.12. Ifr =1,s =2 then for n > 0 we have the following formulas:
(@): Yo o(=1)f Wi = 2((n+2) (=1)" Wy + (204 3) (=1)" T W p1 + Wy — Wh).
(b): Y p_o(— 1) Wap, = (3 (=1)" Wansa +2(=1)"" Wanga — Wy + 4Wp).
(C): ZZ:O(—l)kW2k+1 = Tlo((—l)n W2n+2 +6 (—1)” W2n+1 +3W; — 2W0).

Proof.

(a): We use Theorem 2.1 (a). If we set r = 1,s = 2 in Theorem 2.1 (a) then we have

zn:zkw "W — 2" (@ = 1) Wiy —2Wh + (2 — 1) Wo
= b 202 +x —1 '

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can

use L’Hospital rule.

n

L (@2 W, pg — 2™ (2= 1) Wiy — aWi + (2 — 1) W)

-Dfw, =
(=1 We 4 (202 4z — 1)

k=1

r=—1

1
= 3((n+2)(-1)"Was2 + (20 +3) (=1)" " Wopr + Wi = Wo).

(b): Taking x = —1,7 = 1,s = 2 in Theorem 2.1 (b) we obtain (b).
(c): Taking z = —1,7 = 1,s = 2 in Theorem 2.1 (c) we obtain (c).
From the last theorem we have the following corollary which gives sum formulas of Jacobsthal numbers

(take W,, = J,, with Jo =0, J; = 1).

COROLLARY 2.13. For n > 0, Jacobsthal numbers have the following property:

(@) Y o(—1)F T = 2((n+2) (—1)"Jpp2 + 2n+3) (=1)" 1,44 +1).
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3(=1)" Jonso + 2 (=) Jopgq — 1).
75 ((=1)" Jant2 + 6 (=1)" Jany1 + 3).

Taking W,, = j, with jo = 2,71 = 1 in the last theorem, we have the following corollary which presents

sum formulas of Jacobsthal-Lucas numbers.
COROLLARY 2.14. For n > 0, Jacobsthal-Lucas numbers have the following property:

(@): D r_o(=1) 5k = 3 ((n+2) (=1)"jng2 + (20 + 3) (=1)" iy — 1).
(b): 2 _o(=1Fjor = 153 (=1)" janre +2(=1)" " fons1 + 7).

() Yhco(=1)"jars1 = 15((=1)" jont2 + 6 (=1)" j2ns1 — 1).
2.3. The Case x = 1+ . We now consider the complex case £ = 1+ 4 in Theorem 2.1. The following

theorem presents some summing formulas of generalized Fibonacci numbers with positive subscripts.

THEOREM 2.15. Forn > 0 we have the following formulas:

(a): If (1+4)r+2is —1#0, then
- ke (L) TP W — (L))" T (L) — 1) Wi — (L) Wi+ (1 414) 7 — 1) W
kZ:O(H”kW’C = (L+i)r+2is—1 '

(b): If (1 +i)r? —2is® + (2+ 2i) s — 1 # 0 then

Z(l +’i)kW2k

k=0

— (1 43)" T (A 413) s — 1) Wapgo + (L +0)" 2 rsWappn — U 43) rWi + (L +4) 7% + (1 +d) s — 1) Wy
(1+4)r2 —2is2 + (2+2i)s — 1 '

(c): If (1 +14)r? —2is® + (2+2i)s — 1 # 0 then
(L4 0)" T rWango — (L4 0)" T s (L +4) s — 1) Wongr + (1 +i) s — 1) Wy — (1 414) rsWo

(1+4)r?2 —2is2 +(2+2i)s—1

n
> 1+ W =

k=0
Taking » = 1, s = 1 in the last theorem we obtain the following proposition.

PROPOSITION 2.16. If r = s =1 then for n > 0 we have the following formulas:

(@) oL+ )W = 2 (1 +9)" 7 Wigo — i (1+0)" T Wipr — (1 4+14) Wy +iWy).
(b): S j_o(L+ )" Wap = 5 (=i (1 4+4)" ™ Wanso + (14 0)" 7 Wanpa — (L+4) Wi + (1+ 2i) Wy).
A (4" Wapgo —i (149" Wapgr +iW1 — (1 +14) Wo)

(€): Yh_o(l+0)" Wapyr = 75

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci

numbers (take W,, = F,, with Fy =0, F; = 1).

COROLLARY 2.17. For n > 0, Fibonacci numbers have the following properties.

(a): ZZ:O(I + i)ka = %((1 + i)n+2 F’n+2 —1 (1 + Z) i Fn-i-l —-1- 7’)
(b): Yoho(1+ i) For = (=i (14+4)" Fango + (140" Fopyr — 1 —1i).
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(©): Shoo(L+ ) Farr = 7 ((1+ )" Fango =i (14+3)" Fopyr +1).

Taking W, = L, with Ly = 2,L; = 1 in the last proposition, we have the following corollary which

presents sum formulas of Lucas numbers.

COROLLARY 2.18. Forn > 0, Lucas numbers have the following properties.
(a): Thoo(L+ ) Ly = §:(1+8)"" Lyyo =i (1+4)"" Lyga — 1+14).
(b): Sp_o(1+4)FLog = g (=i (1+0)""" Lonya + (144)""? Lop 1 + 1+ 3).
(©): Shoo(l+ ) Logr = 2 ((1+)™ Lopyo =i (149" Lopys —2—1).

3. Summing Formulas of Generalized Fibonacci Numbers with Negative Subscripts

The following theorem presents some summing formulas of generalized Fibonacci numbers with negative

subscripts.

THEOREM 3.1. Let x be a complex number. For n > 1 we have the following formulas:

(a): If s+rw— a2 #0, then

i "W, = —" M (s ra) Wy — 52" T2W_,, o+ Wi +a(z—1) WO.
k=1 s+ rex— a2

(b): If r’z + 2sw — 52 — 22 # 0 then

2

n

S ot 2"t (s — 2) Weop — rsa™ M W_oo,_1 + raWy + 2(z — s — %)W
wW o = 2 2 .

k=1 réx + 2sxr — s —«x

(c): If r?x + 2sx — s* — 22 # 0 then

- kY —ra"PPW g, + szt (s —2) Wogn 1 4z (x — 5) Wy +rsaW
Z ok = r2g + 2sx — s2 — x2 ’
k=1

Proof. The proof of the theorem can be given as in the proof of Theorem 2.1, so we omit it.

3.1. The Case z = 1. The case x = 1 of Theorem 3.1 is given in [15], see also [14]. In this subsection,
we only consider the case z = 1,7 = 1, s = 2 and we present a theorem which its proof is different than given
in [15] (in fact the formulas given in the following theorem are in different forms than given in [15]).

Observe that setting x = 1,7 = 1, s = 2 (i.e. for the generalized Jacobsthal case) in Theorem (b) and (c)
makes the right hand side of the sum formulas to be an indeterminate form. Application of L’Hospital rule

however provides the evaluation of the sum formulas. If r = 1, s = 2 then we have the following theorem.

THEOREM 3.2. Ifr =1,s =2 then for n > 1 we have the following formulas:

(a):

n

1
S W= 5 (3Wonot = 2W_p + WA).
k=1
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(b):
- 1
Z W_op = g(nW_gn — 2(n + 1)W_2n_1 + Wi — Wo)
k=1
(c):
- 1
Z W_opy1 = g(— (n+2)W_g, +2nW_o,_1 + 2Wp).
k=1
Proof.

(a): Take x = 1,7 =1,s =2 in Theorem 3.1 (a).
(b): We use Theorem 3.1 (b). If we set » = 1,s = 2 in Theorem 3.1 (b) then we have

En:ka (= 2)a" M Wy, — 22" W gy + aW +a (z — 3) Wy
— ke —x2 + 5 —4 '

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can

use L’Hospital rule.

i W %(— (x —2) 2" IW_ o, — 22" MW o, 1 +2W1 + 2 (z — 3) Wp)
ok =
k=0 %(*$2 +5x —4) -
1
= g(nW,gn — 2(77, + 1)W72n71 + Wi - VV())

(c): We use Theorem 3.1 (c). If we set r = 1, s = 2 in Theorem 3.1 (c) then we have

$”+1W_2,L_1 +x (.73 — 2) W1 + 22Wy
—22 4+ 5z —4 '

n n+2
— "W 9, —2(x — 2
S g = 2 ( )
k=1

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can

use L’Hospital rule.

n d n n
S Wy = (g2, —2(x —d2) 2" IW g1+ (z — 2) Wy + 22Wy)
k=0 1o (=22 + 5z — 4) .

1
= (= (2 Woon +2nWogy +2W0).

Note that different forms of the sum formulas of the above Theorem (b) and (c) are given in [15].
From the last theorem we have the following corollary which gives sum formulas of Jacobsthal numbers

(take W,, = J, with Jo =0, J; = 1).

COROLLARY 3.3. Forn > 1, Jacobsthal numbers have the following property:
(@): gy Jk=3(-3Jpn1—2J_p_2+1).
(b): ZZ:I J_Qk = %(nJ_Qn — 2(7’), + 1)J—2n—1 + 1)
(C): 22:1 J_2k+1 = %(* (’ﬂ + 2) J—2n + 2nJ_2n_1).

Taking W,, = j, with jo = 2,71 = 1 in the last theorem, we have the following corollary which presents

sum formulas of Jacobsthal-Lucas numbers.

COROLLARY 3.4. Forn > 1, Jacobsthal numbers have the following property:



GENERALIZED FIBONACCI NUMBERS: SUM FORMULAS 11

(@): Yp ik =3(=3]n1—2j no+1).
(b): > j—2k = 5(nj_2n —2(n+1)j_on—1 — 1).
(©): S id-oki1 = 3(— (M +2)j oy +2nj_2,-1 +4).

3.2. The Case z = —1. We now consider the case x = —1 in Theorem 3.1. The following theorem

presents some summing formulas of generalized Fibonacci numbers with negative subscripts.

THEOREM 3.5. Forn > 1 we have the following formulas:

(a): If r+s—1+#0, then

_ (_1)n+1 (r=—8)W_p_1—(=1)"sW_,, o — Wi+ (r+1)W,
Z;vﬂﬁwckf (1"t 3

(b): If —r? — s =25 — 1 #0 then

n

1)k _ (=)™ (s + 1) Wegp 4+ (=) rsW_gp_q — W1 + (r?+s+1) Wy
Z(_ VWi = —r2—s2—-2s—1 ’
k=1

(c): If —r? —s* — 25 — 1 #0 then

Z(—l)kW ol = (_1)n+1 rW_gn + (_1)n+1 s (S + 1) W_on_1+ (S + 1) Wi —rsWy
— Rk —r2 —s2-25—1 '

Taking r = s = 1 in Theorem 3.5 (a), (b) and (c) we obtain the following proposition.

PROPOSITION 3.6. Ifr = s =1 then for n > 1 we have the following formulas:
(@) oy (D)MW = (=1)" Woppo + Wi — 20,
(b): Y (—D)FWoop = £(2(=1)" W_gpn — (—=1)" W_gp_1 + Wy — 3Wp).
(€): 3y ()" Wogigr = 5((=1)" Weozp + 2 (=1)" Wegpo1 — 2W1 + Wo).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F; =0, F; = 1).

COROLLARY 3.7. Forn > 1, Fibonacci numbers have the following properties.
(@) Yy (~1)F P = (<) P+ 1.
(b): Yo (F 1) Fgp = £(2(=1)" Fogn — (=1)" Fgp1 +1).
(€): S p (D) Fogpin = 5((—1)" Fogn +2(=1)" Fogp1 — 2).

Taking W,, = L,, with Ly = 2,L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

COROLLARY 3.8. For n > 1, Lucas numbers have the following properties.
(@): > (-D)FL_j=(-1)"L_,_o —3.
(b): Y (—DFL o) = 2(2(=1)" L_3 — (—1)" L_2,—1 — 5).
(€): Xpoy ("D Logpyr = 5((=1)" Loz +2(=1)" L_2p—1).
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Taking r = 2,5 = 1 in Theorem 3.5 (a), (b) and (c¢) we obtain the following proposition.

ProrosiTiON 3.9. Ifr =2,s =1 then for n > 1 we have the following formulas:
(a): Zzzl(—l)kW,k = %(( 1)n anfl + (_1)n anfz + W1 - 3W())
(b): X (1) Wogp = 1(=1)" Weap + (= 1) Wy + W1 — 3W0).
(©): Sp  (“D*Wioopyr = 2((—1)" Weo, + (=1)" W_gpoq — Wi + Wo).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers

(take Wn:Pn with PQZO,Pl :1)

COROLLARY 3.10. For n > 1, Pell numbers have the following properties.
(a): Xy (~1)F Py = L(—1)" Poyoy + (—1) Poya + 1),
(b): ZZ:I(_l)kP—Wf = i (_1)" P_op + (_1)n+1 P_op1+ 1)
(€): Xpoy (1) Pogpir = §((—=1)" Pogn + (=1)" Pgy1 — 1).

Taking W,, = @, with Q¢ = 2,Q1 = 2 in the last proposition, we have the following corollary which

presents sum formulas of Pell-Lucas numbers.

COROLLARY 3.11. For n > 1, Pell-Lucas numbers have the following properties.

(@): Yr (1) Q= 5((-1)" Q1+ (=1)" Q_n—2 —4).
(b): Sy (—1)*Q zk = 2(—1)" Q20 + (—1)"" Q_2n1 — 4).
(c): ZZ=1(_1)]€Q721<+1 i(( )n Q_2n + (—1)n Q—2n-1)-

Observe that setting x = —1,r = 1,5 = 2 (i.e. for the generalized Jacobsthal case) in Theorem 3.1
(a) makes the right hand side of the sum formula to be an indeterminate form. Application of L’Hospital
rule however provides the evaluation of the sum formula of (a). If r = 1, s = 2 then we have the following

theorem.

THEOREM 3.12. If r = 1,8 = 2 then for n > 1 we have the following formulas:
(8): Yy (~1)F W = H(n(— 1) Wy + 2 (n+ 2) (—1)"Woa + W1 — 3p).
(b): S (D) Wog = 53 (=1)" Weoy + 2(=1)" T W_g,oy + Wi — 4W).
(C): Zzzl(—l)kw_gk_;rl %(( )n W_o,+6 (—l)n W_opn_1 —3W1 + QWO)

Proof.

(a): We use Theorem 3.1 (a). If we set r = 1,s = 2 in Theorem 3.1 (a) then we have

n

Zka _ _(x+2)xn+1W —1 —258”"'2W n— 2+$W1 +(E($— 1) WO
e 22tz +2
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For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can

use L’Hospital rule.

Zn:(—nkw p = L (z+2)a™ T Wy — 22" P2 Wy + W + 2 (z — 1) W)
k=1 ) (41 +2) -

1
= 5(71(—1)"+1W,n,1 +2(n+2)(=1)"W_p_o + W1 — 3Wp).

(b): Take z = —1,7 = 1,s = 2 in Theorem 3.1 (b).
(c): Take z = —1,r = 1,s = 2 in Theorem 3.1 (c).
From the last theorem, we have the following corollary which gives sum formula of Jacobsthal numbers

(take W,, = J,, with Jy = 0, J; = 1).

COROLLARY 3.13. Forn > 1, Jacobsthal numbers have the following property:
(@) S5 (1T = Sn(=1)" Uy 42 (4 2) (— 1)+ 1).
(b): ZZ: ( 1) ‘]—Qk %(3( 1)” ']—27L +2 (_1)7L+1 J—2n—1 + 1)

(€): Ypoy (D) a1 = 15((=1)" T2 + 6 (=1)" J_21 — 3).

Taking W,, = j, with jo = 2,71 = 1 in the last theorem, we have the following corollary which presents

sum formulas of Jacobsthal-Lucas numbers.

COROLLARY 3.14. For n > 1, Jacobsthal-Lucas numbers have the following property:
(a): Z (= 1) Jok = 5(n(=D)""j_ 1 +2(n+2) (—1)"j_n_2 — 5).
(3 (71) j—2n+2(*1) j—2n—1 77)
(e): Xt (=1 —2ms1 = 15 ((=1)" jo2n + 6 (=1)" j2n—1 +1).

3.3. The Case x = 1+ . We now consider the complex case £ = 1+ 4 in Theorem 3.1. The following

theorem presents some summing formulas of generalized Fibonacci numbers with negative subscripts.

THEOREM 3.15. Forn > 1 we have the following formulas:
(a): If (1 +4)r+s— 20 #0, then

— (A +)" T (4D r+ )Wy — (A +0)" P sWo o+ (L) Wy — (1 +i) (r —1—1) Wo.

1+i)*W_y, =
(L4 W (I+i)r+s—2i

[M]=

=~
Il
—

(b): If (1 +i)r? — s+ (2+2i) s — 2i # 0 then

A+ " (s =1 =) Wegp — (1+9)" T rsWegn1 + (1 +0)rWi — (1 +4) (rP2 45 —1—14) W
(I4+4)r2—s24+(242i)s—2i '

(1+Z’)kW_2k =

NE

ES
Il
-

(c): If (1 +14)r? — % + (2 +2i) s — 2i # 0 then

o (4" Wogn + (L + )" s (s =1 — i) Wegny — (L414) (s — 1 —8) Wy + (1 + i) rsWo
(1+’L) W_ok41 = .

M=

(I+d)r2—s24+(2+2i)s—2i

=~
Il
-

Taking » = s = 1 in the last theorem we obtain the following proposition.
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PROPOSITION 3.16. Ifr = s =1 then for n > 1 we have the following formulas:
(a): S (L)W = 5o (= (244) (L) " T W — (1 +0) " PP W oh (1 +4) Wi — (1 — i) W).
(b): S (L4 )" Woge = g (=i (14 0)" T Weg — (1 +0)" T Wegpoy + (1+4) Wi — 2Wp).
(©): Shoy (L) Wogpyr = S (= (1+ )" P Wogy =i (14+0)" Wy — (1= ) Wi + (1+14) Wy).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci

numbers (take W,, = F,, with Fy =0, F} = 1).

COROLLARY 3.17. For n > 1, Fibonacci numbers have the following properties.
(a): Thoy(L+ ) F g = (= Q4+ ) 1+ )" Fpy — (1 +4)" 7 o p+ 144).
(b): Y (1 +0)"Fgp = 5= (=i (1 +49)" " Foop — (1+8)"" Fguoy +141).
(©): Shoy(L+ ) Fopr = P (= (L))" Flgp —i (149" Flopy —141).

Taking W,, = L,, with Ly = 2,L; = 1 in the last proposition, we have the following corollary which

presents sum formulas of Lucas numbers.

COROLLARY 3.18. For n > 1, Lucas numbers have the following properties.

(@): Sp (L + )" Ly = (2 4+) L +9)" T Loy — (L+0)" P Lo — 1+ 3).

(b): S p (L4 ) L g = 5 (=i (1 48)" Loy — (1+4)" " Logp_y — 3 +1).
() S (L4 ) Lgppr = 5 (— (140" 2 Loy —i (1+4)" " Logu_y + 1+ 30).

4. Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the sequences
of numbers were widely used in many research areas, such as architecture, nature, art, physics and engineer-
ing. In this work, sum identities were proved. The method used in this paper can be used for the other linear
recurrence sequences, too. We have written sum identities in terms of the generalized Fibonacci sequence,
and then we have presented the formulas as special cases the corresponding identity for the Fibonacci, Lucas,
Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers. All the listed identities in the corollaries may be
proved by induction, but that method of proof gives no clue about their discovery. We give the proofs to
indicate how these identities, in general, were discovered.

We can summarize the sections as follows:

e In section 1, we present some background about generalized Fibonacci numbers.

e In section 2, summation formulas have been presented for the Fibonacci numbers with positive
subscripts. As special cases, summation formulas of Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal,
Jacobsthal-Lucas numbers with positive subscripts have been given.

e In section 3, summation formulas have been presented for the Fibonacci numbers with negative
subscripts. As special cases, summation formulas of Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal,

Jacobsthal-Lucas numbers with negative subscripts have been given.
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