Large deviation for stochastic differential
systems pertubated by a rapid process
in the Besov-Orlicz topology

Abstract

In this paper, we study a large deviations principle associated a familly
process X ¢ perturbated by a rapid process ¢ in the Besov-Orlicz space. The
process X°€ is a solution of It6 integral :

dXi =0b(X7,Gye) dt + e o(XF) dWy
X =T c RY
with the condition ( is independant of the brownian motion W and obeys

a large deviation principle.
Key words :Large deviations, averaging principle, Besov-Orlicz space



1 Introduction

In this paper, we consider a family processes X¢ d-dimensional solution of
stochastic differential equations :

dX§ = b(X{, Gye) dt + Ve o(X5) dW;,  Xo =z € R? (1)

where W is a standard Wiener process independant of ¢;/.. This is to obtain the
asymptotic evaluation of P(Xf € A) where A is a Borel set of Besov-Orlicz space
under the assumptions that the process X| converges to the solution X, defined
by :

dX, = b(X,) dt, X,=0,

T (2)
b(z) = lim ; /0 bz, Csye) ds

T—o0

The asymptotic evaluation obtained will be a result of large deviations from
X¢ compared to X;.
The basic work on the subject is the article by Freidlin [10], see also Ventcel’s
book - Freidlin [9]where he gets this evaluation under the assumption :

lim. ;ng (exp( /0 ' (0, bz, Cose)) ds) = H(z,a) (3)

exists uniformly in x and differentiable in «.

The special case ( =0 (b(XF,0) = b(X;)), 0 # Id was studied by Freidlin &
Wentzell [8] see also Varadhan [27], Azencott [1] and Stroock [26] with the usual
topology of uniform convergence, Ben Arous and Ledoux [5] have been developed a
large deviations principle(LDP) in Holder spaces. Later on, an extension to Besov
spaces was considered in Eddahbi et al [7] and Roynette [4]

The case ¢ # 0 was studied by A. GUILLIN [13] in a situation of moderate devia-
tions.

The aim of this paper is to study the large deviation principle (LDP) of the
law of {Xf,e > 0} in the Besov-Orlicz topology, that is we want to generalize the
result of H. LAPEYRE [17] in the usual uniform topology.

The paper is organized as follows. In section 2, we introduce some hypotheses
and notations. Section 3 contains some preliminaries definitions and results which
are essential for the proof of the theorem. Section 4, under the hypotheses in section
2, we prove in theorem (4.3) the LDP of X7, solution of (1) when ( satisfy a large
deviations principle.
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2.1

Hypotheses and Notations

Hypotheses

In this paper, we assume that the following hypotheses will be verified :

H1.

H2.

H3.
HA4.

The function o : R x R? — R? x R" is jointly measurable in (z,y) and there
exists a constant C' > 0 such that.

lo(z,y) — o2, y)] < Clly —¢/| + |z — 27])
lo(z,y)| < C

The function b : R! x R? — RY is jointly measurable in (x,y) and there
exists a constant C' > 0 such that.

[b(z,y) = b(«",y)| < Clly — /' + |o = 2'])
[b(z,y)] < Clz -yl

W is a standard R"-valued Brownian motion

Gi/e 1s a process R'-value independant of brownian motion W and obeys a
large deviation principle with a good rate function I.

2.2 Notations

2.2.1 Cameron-Martin space

Let H(R?) be the Cameron-Martin space associated with the Brownian motion
on R4

; f:[0,1] — R4, f is absolutely continuous such that
H(RY) = L
(RY) f(0)=0et / | fs]? ds < +o0
0

H(R?) is a Hilbert Space equipped with the norm

(9= [ 5Pl ds

2.2.2 Besov-Orlicz space

Let Bagg v, be denote the Besov-Orlicz space of continuous function f : [0, 1] —
R? such that || f || az,.m, < 0. For all @ > 0, Let us put

wMg(fvt)
= + sup — -
| f Wt wa, = F {01 02121 War(t)
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A 1 1
where wa A(f) = £ (1 +log t) Va >0, | f [|a,= inf {T >0~ [1+/ Mg(r|f(t)|)dt”
T 0

et wMﬂ(f? t) = Sup || Ahf ||Mﬁ with
0<h<t

Apf(x) =1p1-n(x)(f(x +h) — f(x)),Vh € [0,1].

We will use the equivalent of Cieleski, Z. [4]. Let x1,xjx,J = 0,1...,k =
1..27 suppx;r = [(k — 1)/27,k/27], be the set of Haar functions over the inter-
val [0,1], and let po(t) = 1,¢1(t) = t, p;(t) = [3 x;x(s)ds be the set of Schauder
functions. For all continuous functions f : [0,1] — R soit {A,(f),n > 0} its
development in series of Schauder is given by

27+1

F(8) = Ao(Hpo(t) + As(Ner(®) + > 3 An(f)esult

n=27+1 3,k

ou Ag(f) = f(0), Au(f) = f(1) = f(0) and

w24 (1) - 1)) - (1(54) - (%))

sont les coefficients de f dans cette base.

Let Bg@%wa be the subspace of By, ., corresponding to the sequences f;, such
that

Btye = {1 € CUO LR | llagyn, < 00, lim 2775707 (145) 7 |y, =0
where ,
27 1
1 f o= (D2 1fl?) " et By =1
k=1

0 .
By, w, i @ Banach space.
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3 Preliminaries definitions and results

3.1 Preliminaries definitions

Definition 3.1. A function [ : E — [0; +00] is said to be a rate function if it is
lower semicontinuous (Isc).

Furthermore, if for each a < 400, I'y, = {z € E,I(x) < a} is compact, we will say
that I is a good rate function.

Unless explicitly stated otherwise, for any subset A of E and any rate function,

we set [(A) = infyeq I(x).

Definition 3.2. For some function I, the family of probabilities {P*}.~o satisfy
a large-deviation principle if the following hold :

i) (Lower bound.) For every open subset O of £

lim i%falog P.(0) > —-1(0)

ii) (Upper bound.) For every closed subset F' of E

limsupelog P.(F) < —I(F).

e—0

3.2 Preliminaries results
Theorem 3.3. Letpy > 1, f € Bg/[ﬁ’wa if and only if
Ci(l_aaly _ N
maxc | fol, [fl, sup sup 29G4 )| £l ) <00 ()
p>po j=>0

Theorem 3.4. Let f € By, ,,, if and only if

lim 279Gy (14 5) || £ < 5
Jim D) S ) < oo (5)
Consider the following norms that are crucial to proving our results :
£ (&) — [ (s)]
w— SU -, N
I 0§s<§§1 w(t —s)
this is dominated by

| fix] )
«+= max 1)|,sup sup ————].
I £ (170 up sup

It’s easy to show that there exist Dy > 0 and D, > 0 such that || f ||a,0< D1 ||
fllws Do [ f s



Theorem 3.5. Le P° be the law of \/eW on B}, , equipped with the norm
132500, then P satisfy the LDP with the good rate function I define by :

PR Y NICIROR T (D
+00

other

Theorem 3.6. Let Q¢ be a family of probability measure on a Polish space E and
satisfying the LDP with a good rate function \.

Let F : E — E' be countinuous. Denote by Q° = P o F~! the family of image
measure of P¢, then {Q°} satisfy the LDP with a good rate function X define by

My) = inf Ma).
W)=, J,
Lemma 3.7. There exist C = C) such that for all X\ > 0 and p > 0 where
A> Al >0 and A > 24/log2 , we have

A2 A2 A
PLW 2 AW 1< 0] < Cmax (11(7) e (= Sm()) ©)
Lemma 3.8. There exist C' = C} such that for all uw > 2+/log 2 and for all process
K on [0,1] , we have

. u?
P[] /0 Ko dW, |l || K |< 1] < Cexp (~ ) (7)
Lemma 3.9. Let (Ex,dx),(Ey,dy),(Ez,dz),(E,d) denote Polish spaces and
(Q, F, P) be a probability space.

Suppose that (X¢,e > 0) is a family of random variables with values in Ex
satisfy a LDP with a good rate function Ix, (Y¢ e > 0) a random variable with
values in By satisfy a LDP with a good rate function Iy .

Suppose that for each ¢ > 0, X¢ is independant of Y* then the family of random
variable Z = F(X®,Y®) where F : Ex X Ey — Ez is continues, satisfy a LDP
with good rate function Ip(z) define by

Ip(z) = F(ifgzz Ix(x) + Iy (y).
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4 The main result

Let ¢ € C([0, 1], R?), and X*% solution of SDE
dX7? = b(XP%, &e) dt + Veo (X77) dW,. (8)

Let ¢ absolutely continuous, the function F'¥ with values in (C ([0,1], Rd)>2 by

t
F?(g, f) = h if and only if hy = = + g0 + 0(20) +/0 fodo ()

is continue.

X% is the family process image of (y=¥,\/eW) by F¥.
and dy;? = b(y; %, &) dt , yg¥ =

Let g, f be given an elements of BY, , with values in R? absolutly continuous,

S Wa

denote by B, (g, f) the solution of ¢; = g + () fi, o = .

Let L°(x, ) the conjugate of the quadratic convex function HY(x,«) obtained
from the formula in (3). LY is lower semicontinuous(lsc), with values in R, U {00},
convex to second argument

For some couple values (¢,) in B([0, 7], RY), denote by :

T .
SO, 1) :/0 L%(ps,1s) ds if 9 is absolutly continuous

= +o0o other

T1 .
SW (w)) :/0 5 |, |* ds if ¢ is absolutly continuous

= +o0o other

Proposition 4.1. Let ¢ € By, w,, . let y*¥(0) be the solution of dy;* = b(y;?, &ye) di
starting from 0, then S°(g,.) is a rate function for the law of y=¥(0) in BY, . -

Proposition 4.2. The independance of & and W, and using lemma 3.9, it is easy
to see that (y=¥(0),\/eW) satisfy LDP and S¥®(g, f) is a rate function in BR@M
definie by :

S%(g, f) = 8%, 9) + SY(f)

By the contraction principle, the law of X*¢ satisfy LDP on Bg/[%wa with the
rate function defined by :

Se(w) = inf{S?(g, f),w = F*(g, f)}-
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Theorem 4.3. Assume H1, H2, H3 et H4 are satisfed, let P. the law of X¢

solution of (1), X* is a random variable in By, ,,

i) For each positive o, Ko = {@ € B}, ,,./Se(¥) < a}
it) For every open subset O of thwa,

i € i (¥)
lu% elog P(X*(z) € O) > Sirelf S
ii) For every closed F of By, .,

@ clog P(X%(z) € F) < — inf SW,

pel i

where

S¢(¢> = jnf{sp(gj f)?l/} = ng(.ga f)}

Theorem 4.4. For any r,a,a > 0, for each x with values in R?, there exist ;T €0
depending only on v, a, a, x such that for g, f absolutly continuous verifing || f ||< a

and ¢ = By(g, f), |x —y| <7, e < ey we have,

,
B 160 = ¢ o> . 540) = g 1< | VAW = £ 1< p) < expl- D)

Proof of theorem 4.4. Indeed, let W/ = W — %f be a brownian motion
starting from 0. Girsanov’s theorem implies that W/ be the standard k-dimensional

Wiener process with respect to the probability P/ given by

dpPf 1 g/t L.,
i e e [

Let {Y,0 <t < 1} the solution of SDE
t t t .
Vi= [0 G ds +VE [ o(ve) awd 4 [ o(X0) ], ds
0 0 0
To simplify the notation, set for any p ,a, ¢ >0

U ={ll X*(2) = ¢ llstswa> o, || y77(0) = g |< p, | VEW — f I < p}

And

1 A
Vf:exp{‘\/g/o £, dw, >\/E}'

8
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Then
P < PO (v o (2) )+ (v )

(10)
< exp (222)PI(UT) + P(| L Jy /. > )
Where a =|| h ||% and A € R
By the classical exponential inequality,
1 . )\ )\2 r
P(‘/O fs dW,| = \/g) < 2exp(—275) < eXp(—g)- (11)

Set

YEW!) = Xs(W/ + ;E ).

Consequently, we obtain that

PHU’) = P( 1Y¥(2) = ¢ I > e [ 7(0) — g < p, || VEW [I< p>7

where Y is the solution of SDE in (9), the estimates (10) and (11) complete the
proof of the theorem (4.4).

The remains of proof of theorem 4.4 is an immediate consequence of the next
following propositions.

Proposition 4.5. For all r > 0 and v > 0 there exist g > 0 and n such that if
0 < e < eg, we have :

PI{XT = X7 2 7)) < exp(—2)

Proof of Proposition 4.5. For a detailed proof of Proposition 4.5, we refer
to Priouret,P (1982, Lemma 2) [21]

Proposition 4.6. For everyy1 >0, p>0ona :
PIUT) < P VE [ oY) dWs |l . | VEWS 1< p).

Proof of proposition 4.6.

Y- = x—y+/ (VE,6e) + 0 (YD) ] ds+ VE [ o(ve) aws
—/ (9sr Eoje) + (p) fo] ds + yi ¥ — gy
= w—yt [T — o &el) ds+ [ 0(4D) + (e ds
+VE [ o) dW: 4y — g
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¢
Denote by I} = \/E/ o(Yy) dW:, let 6 > 0 be such that ||| <9, ||z —y|| < 7
0

t t .
o=l < FrC [1¥e—glds+C [ V2=l 1] ds+ ]+ Iy —

t .
< 0 [ ¥E =@+ I ds+ 1]+ 5 -l

An application of Gronwall’s lemma implies that,

Y =l < (1 =g 1+ 1 VE [ ov) aws eso (C([ (1 + 1] ds))).

On one hand

1=l < IV [ (X2 AWE e+ 157 =g |
| [ B ) + o (XA ds = [ o0 &r2) + (0 L] ds s
. t
< IVE [ o(x2) dWElle + Dy = gll+ 1| [ B0XE 60s2) = b(pus Go)] sl

t .
[ To(xX2) = (@)l dsl..
t .
< Mfllee + 11y = gll+C [ 1X2 = el + 1] ds

€ 3 C v ; €
< el =gl 4 s s [ SIS = ] ds

0<u<v<1 W

On the other hand, using the fact that
Yo —@sl < Y5 = @ul + 107 — ) = (V5 — @)

t .
Vs =l < IZl+ 1l = ell+ CA+ IDIX =l +C [ @+ IDIX = ¢l ds
t .
< 2+ CU+IDIXE —ll+C [ (L+1f]) ds

Using now Grownall’s lemma, we obtain
1Y° — ol < 26[1+ C(L+| f)e?tHD ]t

Thus :
PIUT) < PI(|VE [ o(YE) dWE [l 2, || VEWS 1< p).

10



Proposition 4.7. For all r > 0,v, > 0, there exist € > 0 and p > 0 such that

’ r
PI(IVE [ o(¥2) s | .|| VEWS [|< p) < exp(=5).

Proof of proposition 4.7. For > 0 and for every n € N, we have
A= {IVE [ (V) aws oz p, || VEW [ a} € AU Az U A

where

’ € e,n € p € eg,mn
Ar={IVE [ [o(ve) = o(vemlaws [l> £, ] ve —ver <)
Ay = {1 Ye = ver |z o}

s ={ I VE [ o¥2™) dW, s> 2.1l VEW < o}

By using Proposition 4.5, we have :
For all » > 0 and ~ > 0 there exist ¢y and n such that for every 0 < € < ¢p, we
have :

P/(A) < exp(=2)

It’s easy to check that if | Y& — Y™ ||< v we get || vE[o(YE) — a(YE™)] [ <
4e M>~2.
By using the lemma (3.8),

2

PT(A)) < Cexp ( - ny?a>

It remains to be increased P/(Aj3). So we have

IV [ o0 AW, e = VE I o0 W o1 A = Wt A )]

< ﬁé | o (VoMW (s A ) = Wt A s

< 2VEKn | W ||wx -
By using the lemma (3.7), we have :

P < Cmox (1 (g f ) e (= gty o ()
- "M6IMna Cel6M?n? 16IMn«

where C' is a constant depending on [ et M.
Let r > 0 et p > 0, we choose then v > 0 small enough that CLWQ > r, and n such
that

PI(A;) < Cexp ( - 9

2

and finally (16]\[;[2712 log (161]\271@)) > Cr in (12). This ends the proof of the

proposition.
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4.1 Construction of the rate function

1
For any (x, a) € (R%)?, denote by H(x, ) = H(x, oz)+§ (o, 3,) the quadratic

function associated of o(x) where ¥, = o(x)'o(x).
Let us suppose that L(x,3) the conjugate quadratic function H(z,«) en a. L is
lower semicontinuous with values Ry U {+o0}, converges en (3, and verified the

following :
For all ¢, € B([0,T],R?) :

T
/ L(ps,1s) ds, if 1 is absolutly continuous,
0

+00 sinon.

S(Wﬂ):{

Theorem 4.8. S(p,.) and S¥ coincident and if S(p,v) < +oo, there exist a
couple of functions absolutly continuous (g, f) verifing v = F*%(g, f) and we have :

S(e,9) = 8%, ) + SV ().

Proof of theorem 4.8. We denote for (z,a) € (R?)?, H(z,a) = H(z,a) +
1
3 (a, ¥pa). Q, denotes the quadratic form on R™ associated with the matrix o(x),

defined by Q,(v) = (v, 0(x)o(x)*v) = inf |w|?, o(z)w =v, v € R"™.
We denote for (z,3) € (R%)?,

L(z, 8) = inf{L%(z,7) + Q*(8); b(7) + & = B}

where Q* is the quadratic form Q). '
Let 7 = B,(g, f) the solution of 74 = b(g;) + o(7:) f+

T . 1 .
S(p.9) + V() = | Lpui) + 5 fif ds
T 1
> [ L0 .) + 3 inf{lguf% 0(7)3,V) ds
T 1
> [ Lpu ) + 5Q5, (V) ds
0 9 VPs
T 1
> [ nf{L(o0 00) + 5@ (TL)ib(g) + Vo = 7} ds
T
2/ L, 75) ds
0

It follows that,
5%(7s) 2 S(e, 7).

To check the other inequality, consider A,[v] defined by

Az [v] = {w tel que o(x)w =v, v € R"}

12
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Consider the Borel set I" defined by
I'={(z,v) € U x R" such that A,[v] is not empty}
For each (z,v) € ', we put
K(z,v) = {w € R" tel que |w| = inf |u|;u € A.[v]}

The application K : I' — {compacts of R¥} is a measurable family of non-empty
compacts in the sense of Rockafeller [25]. Subsequently, there is a Borelian function
x : ' — RF¥ such that x(z,v) € K(x,v) for (z,v) € .

For each ¢, 1 such that S(¢,1%) < 400 and we put 2 the set of (z, 3) such that
L(z, () < +0o0

Sto) = [ Lnt) ds

As

Q:(v) = (v, 0(x)o(x) v) = [|lo* (z)v]*
and

Q3 (v) = inf{Jw|*,w € A,[v]},
we have

Q5. (9 = bps)) = [x(ps, 0 — D))

T T 1
S(p) = [ Llpui) ds= [ inf{L2(pu3.) + 5 Q5 (Va)sb(ae) + Vi =7} ds.

So there exist a functional f € C°(RF) such that

T 1 .
S(e.0) < [ inf{L 0w, g) + 51/} ds.

It suffices to ask f, = |x(is, V)| for almost everything s € [0, 7.

4.2 Regularity of the solution in the Besov-Orlicz space

t
It is clear that the process / b(XZ,Cse) ds,t € I belongs a.s. to By . Then,
0 I’

t
it remains to show that the process / o(X:S) dWs, t € I satisfies (1.1) and (1.2).
0

We will prove the result in the case k = d = 1.
Let us put

t
Yt:/ o(X) dW,
0

13



We will show that for some pg, we have for any a < 3

c yf | An (V)P " (12)
Sub sup { A (Y } <00 p.S.
320 p2po P2 (1 4 5)° n=2i+1
) 2—i/p 20 +1 ) 1/p
'H l/2(1 £ 5)1/2 A, (Y =0 13
jv; pop1/2(1+j)1/2[n§+1| )l ] (13)

To check relation 12, let A > 0. Using Chebychev inequality, we get

P( 2=i/p { 212“ 4 (Y)|p} 1/p ) AP 2 2]2*:1 ALV
- n > < ( n >
pY2(1+5)~ n=2i+1 \/g(l +7)P N 25

|A,,(Y)| is dominated by terms of the form

A= et B:=

Y

t
/ f2k72 2%1(8) dWS
0

27+1727+1

/0 " fas e () AW,

2J+172j+1

where
fr,t(s) = 1r<s<t0_(t> Xs) + 1s<r<t[0_(t7 Xs) - 0<7n7 Xs)]

For integers p > 2, using the inequality of Barlow-Yor(1982), for A and B, there
exist a constant C),, appearing in the Burkholder-Davis-Gundy inequality such that

E|A.(Y)P < CMPpP2.

Hence,

Pl 2 ] "> e) < (8 oo
BECTENE O T S TRV R
P+ ) n=2i+1 \/g(1+j)ap n=2i+1

S <§>p<1+1j>ap

1
Choosing py > — and A large enough, the series
(0]

S5 (3) wre

Jj=20 p=po

converges. The point (12) is then a consequence of Borel-Cantelli lemma.
To prove 13, let us remark that as above |A4,(Y)| is dominated by terms of the

14



form A et B the exponential inequalities yields that there exist positive constants
K et Ky such that for all A > 0 large enough,

! A1+
P(m sup |4, (Y)[ > a) < K, eXpKiM2j)
Therefore, the Borel-Cantelli lemma leads to
1 A, (Y)] <
su _sup |A, o DS,
o VIE] p
Or |
‘ 2i+1 \p
21/?[ Z !An(Y)!”} <sup | A, (Y)]
n=27+1 n
Thus |
2—i/p 9i+1 P ) \/p . )
SUp ——— 5 2(Y } < — supsu el
j>§pl/2(1+])1/2[n§+1| ( )| p1/2 j)Il) npl ( )|

and this ends the establishment of (13).
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