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ABSTRACT  11 

This research work emphasizes on design of a robust control for a 3DOF robotic manipulator under uncertainties. 

The plant model was achieved using the independent joint method and the uncertainty problem was addressed by 

designing a robust controller using H-Infinity synthesis which was compared with PID. This was achieved with 

algorithms implemented in MATLAB. The H-Infinity controller recorded zero dB, while PID controller recorded 

0.117dB and 0.061dB for joints I and II respectively in Complementary Sensitivity (T) graph at low frequencies. H-

Infinity controller achieved better disturbance rejection characteristics with sensitivity (S) graph recording peak 

sensitivity of 0.817dB and 1.79dB at joints I and II respectively than PID controller which achieved 3dB and 1.86dB 

at joints I and II respectively. H-Infinity controller achieved better noise rejection characteristics with T graph 

recording lower gains of -220dB and -310dB at joints I and II respectively at high frequencies than PID controller 

which recorded -134dB and -153dB gains at joints I and II respectively.  Thus, it was concluded that the H-Infinity 

controller achieved better performance and stability robustness characteristics for the joint torque control than the 

PID. 
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1. INTRODUCTION  15 

 16 

The robotic manipulator is a reprogrammable mechanical arm, moved or controlled by actuators to perform similar 17 
functions to human arm. It is a physical system with many subsystems such as the mechanical, electrical and electronics, 18 
etc. These subsystems are in most cases non-negligible in the mathematical description of the robotic manipulator.  If 19 
there is one technological advancement that would certainly make living easy and convenient, robots would be the 20 
answer. They have shown significance in decreasing human work load especially in industries by making works easy and 21 
convenient. Robots are mostly utilized in the manufacturing industry where they usually provide solutions to repetitive and 22 
monotonous works which are normally problems to human workers.  23 
Manipulators consist basically of links connected together by joints, and it is usually classified based on the first three 24 
joints of the arm, with the wrist being described separately. Two common types of joint: Revolute (R) and Prismatic (P). 25 
The majority of the industrial manipulators fall into one of five geometric types: articulated (RRR), spherical (RRP), 26 
SCARA (RRP), cylindrical (RPP), or Cartesian (PPP). Articulated robotic manipulators consist of revolute joints which are 27 
basically controlled by electric motors. They are very flexible and dexterous to fit into many fields of work such as medical 28 
surgeries, welding, painting, material handling, under water work etc. 29 
 30 
The mathematical model of the robotic manipulator is a kinematical or dynamical description of the system. It is an 31 
important tool used in the development and improvement of the system. The Kinematics is the motion geometry of the 32 
robotic manipulator from the reference position to the desired position with no regard to forces or other factors that 33 
influence robot motion [1]. It is important in practical application such as trajectory planning [2]. Dynamics of the 34 
manipulator studies the motion of bodies (linkages) with consideration of the forces that cause the motion. It is important 35 
in the manipulator development, and also in the joint torque control. The torque and motion analysis of the mechanical 36 
arm requires only the link dynamics and the applied torque for the dynamic model and it is derived using Lagrange-Euler, 37 



 

 

Newton Euler, D’Alembert in [3], while the joint torque control requires the dynamics of the actuator plus the links which is 38 
derived using the independent joint torque control approach. 39 
 40 
Robotic manipulators are highly nonlinear dynamic systems with unmodeled dynamics and other uncertainties [4]. 41 
Uncertainties occur due to the discrepancy between the manipulator and its mathematical model representation, and 42 
disturbance signals. The performance of the manipulator is affected by the effects of the uncertainties in the system. In 43 
order to cancel these effects of uncertainties, a robust controller is introduced. Many research works have been done on 44 
the robust controllers development and from the review, the most common research gap is the failure to satisfy the 45 
robustness design specifications. Dorf and Bishop [5] stated that a system is robust when it has low sensitivity, it is stable 46 
over the range of parameter variation and performance continues to meet the specification in the presence of a set of 47 
changes in the system parameters. Hence, robustness is the minimized sensitivity to effects that are not considered in the 48 
analysis and design phase.   49 
 50 
Robust controller design requires both robustness against model uncertainty, as well as good disturbance and noise 51 
rejection characteristics and good performance. Considerable advancements in control system design led to the 52 
introduction of H-Infinity (H∞) synthesis. This approach makes use of weights to achieve desired robustness and 53 
performance characteristics loop shape for the controller design. There are many advantages of this method such as high 54 
disturbance rejection, high stability and many more [6]. The H-Infinity synthesis technique and PID (proportional-Integral-55 
Derivative) control scheme were applied and compared for the design of the robust controller. 56 
 57 

2. LITERATURE REVIEW 58 

 59 
The dynamic model presented in [7-10] is basically the dynamical description of the mechanical arm of the manipulator. 60 
Kim and Lee [11] proposed a robust control model of robotic manipulators under parametric uncertainty using only robot 61 
link dynamic model based on the Langrange-Euler equation of motion of robot links. This method of robot dynamic model 62 
was used in many research works but recently, it has been criticized in Fateh [12], due to its limitations in feedback 63 
application and drawback in its application to the actuator inputs. The model is mostly used for the applied torque and 64 
motion analysis. Secondly, friction vector was not included in their dynamic model. Biradar et al [13] investigated 65 
Lagrange-Euler method and suggested that there should be an improved model that can be implemented in the controller 66 
of the manipulator, and optimized for a specific job task. In Izadbakhsh et al [14], the Langrange model was used when 67 
considering the equation of motion of robot links. Lewis et al [15] stated that to obtain a complete dynamical description of 68 
the arm plus the actuator (which make up the robotic manipulator), it is required to add the actuator dynamics to the arm 69 
dynamics. Talole et al [16] proposed a mathematical model of a single rigid link manipulator based on the link (or arm) 70 
dynamics plus the actuator dynamics. In [17] actuator model was computed and merged with the dynamic model of the 71 
robot arm. In [18] an articulated robotic manipulator was modeled based on the actuator model for controller design. In 72 
[12] the manipulator was modeled based on independent joint method which is based on the joint actuator dynamic model 73 
and the torque due to link. According to him, using this method obtains simplicity, accuracy, speed of calculation and 74 
robustness to the manipulator control system. In [19] an articulated robot manipulator was modeled for precise positioning 75 
using joint actuator dynamic model instead of the Lagrangian-Euler robot model of the arm. The controller design for the 76 
robotic manipulator in [20] was based on joint actuation (i.e., the joint actuator model) which was carried out 77 
independently. From the review, for controller design, the joint actuator dynamics should be merged with robot arm 78 
dynamics at the pivot.  79 
 80 
In the robust control methods the controller is designed based on the plant mathematical model. Since the controller 81 
design objective is to be able to cancel the effects of possible uncertainty that exists or may arise in the system hence, 82 
assuming uncertainty bounds for the controller design limits the robustness capability of the controller when implemented. 83 
In order to achieve a robust system therefore, the controller is designed based on the robustness specifications and 84 
analysis [21]. Uncertainty can be in any parameter, such as the load carrying by the end effector [22]. Many researchers 85 
have proposed and developed many methods of achieving a robust controller. The major goal of the robust controller 86 
design is to obtain controller gains that can achieve the desired output trajectory in the presence of significant 87 
uncertainties. This is achieved by designing a controller that satisfies the robust control specifications. Ahuja and Tandon 88 
[23] presented a robust PID and Polynomial controllers for DC motor speed control. The uncertainty caused by the 89 
parameter changes of motor resistance, motor inductance and load are formulated in their work as multiplicative 90 
uncertainty weight, which were used in the objective function in the design.  91 
 92 
Bansal and Sharma [6] applied H∞ synthesis in their work for robust controller design. They stated that H∞ control 93 
synthesis is found to guarantee robustness and good performance and also provides high disturbance rejection. 94 
Baslamish [24] applied H∞ controller in Linear Parameter Varying (LPV) Modeling and Robust Control of Yaw and Roll 95 
Modes of Road Vehicles. Yadav and Singh [25] carried out a design on the robust control of two link rigid manipulator. In 96 
their work, H-Infinity controller design method was applied and it achieved good system performance and robustness. 97 



 

 

However, the controller results showed high system overshoot. Wang et al [8] carried out a research work on robust 98 
tracking control of robotic manipulator using dissipativity theory based on H∞ controller technique. It was confirmed in their 99 
work that the scheme improved the robustness of the system.  100 
 101 

3. METHODOLOGY  102 

The robotic manipulator often times comprises of basically the arm (links), joints actuators, gears and a controller for each 103 
joint. The arm is a mechanical setup of mainly the links. It can be described dynamically using the Lagrange-Euler method 104 
as stated in [26]:   105 
                                 (1) 106 

Where   is actuation torque, q is the joint variable vector, M(q) is the completed inertia matrix,           is the centripetal 107 
and Coriolis torque vector, g(q) is the gravitational torque vector. This equation describes only the dynamics of the robot 108 
arm and therefore cannot be applied for to the actuators for torque control law development.  109 
The dynamic equation of a manipulator driven by DC motors [27] is formulated as follows: 110 
                                   (2) 111 
where i is the armature current vector, and Kt is the diagonal matrix of motor torque constant. The torque generated by the 112 
actuator is related to the actuator current as follows: 113 
                 (3) 114 
Sum of torques at the actuator gear is equal to zero, that is: 115 

  
    

   
   

   

  
              (4) 116 

The electrical circuit of the actuator provides the equation [12, 28]: 117 

         
  

  
   

   

  
         (5) 118 

 119 
The manipulator is made up of links connected together by joints and each joint consists of actuator and gears (motor and 120 
link gears) connecting the arm to the joint as shown in figure 1a. Figure 1b shows the 2D diagram of the 3DOF 121 
manipulator. Since the control law for the joint torque control is applied to the actuator through the controller thus, a 122 
complete dynamic model of the system must consists of the robot arm dynamics plus the actuator dynamics for the 123 
controller design. In order to achieve a model to design the controller the dynamics of both the actuator and link are 124 
coupled at the gears using the independent joint scheme based on Single Input Single Output (SISO).  The 3DOF robotic 125 
manipulator model is explained in details in [29]: 126 
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The dynamic model for joint torque control relating angular position of the link and the voltage input into the actuator 128 
becomes: 129 
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          (8) 131 

Simplifying the joint mechanical subsystem dynamics yields: 132 
 133 
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Where    
  

  
   

  

  
   is the total inertia at the joint and    

  

  
   

  

  
   is the total torsional viscous damping 135 

coefficient  136 
 137 
Where GP is the plant transfer function  138 
  139 

3.1 Robust Control Model 140 

Under external disturbances and plant uncertainties, the true mechanical dynamics of the complete torque control model 141 
are assumed to be: 142 
                               (10) 143 
Where        ,        , and            is the disturbance input such as unmodeled dynamics. The model can be 144 
represented as: 145 
                                   146 

                                   (11) 147 

Ignoring the uncertainty, the model becomes 148 



 

 

        
                    (12) 149 

The difference between the desired     and actual joint variables    is the error model e or model uncertainty, in the 150 
system. 151 

                                        (13) 152 

The influences of the nonlinearities, unmodeled and neglected dynamics in the model are treated as disturbances and the 153 
controller is designed to be robust against them [29]. 154 
 155 

 156 
Fig 1a: Internal structure of the 3DOF articulated robotic manipulator  157 

 158 

Fig 1b: 3DOF Robot arm 2D structure and dimensions 159 

 160 

3.2 Robust Controller Design 161 

Considering the manipulator in a real environment in figure 2a with uncertainties, the inputs to the system become the 162 
reference input r, the disturbance D, and measurement noise N.    163 

 164 
Fig 2a: Control system with disturbance and noise inputs in real environment 165 



 

 

 166 
 The general transfer function of the feedback controlled system is represented as follows: 167 
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From equation 14, the following functions are derived 171 
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,                  172 

T(s) (i.e. complementary sensitivity function) is the transfer function between the output and the reference input of the 173 
system through the feedback. S(s) (i.e. Sensitivity function) is the transfer function between the output and disturbances of 174 
a system. Lg(s) is the open loop function. 175 
The robust controller design is based on shaping the sensitivity and complementary sensitivity transfer functions graphs to 176 
the desired shape. The singular value plot for S and T for robustness analysis in [31] was simplified and modified in 177 
figures 2b and 2c. 178 

 179 

Fig 2b: Complementary sensitivity (T) graph 180 

 181 

 182 

Fig 2c: Sensitivity (S) graph 183 

 184 



 

 

 185 

Fig 2d: Demonstration of system behavior on Bode plot [5] 186 

 187 
The following objectives must be met for the system to achieve full robustness characteristics.  188 

i. For good set-point tracking (i.e., system output performance) |T(jw)| must follow the zero gain line at low 189 
frequencies.  190 

ii. For good disturbance rejection, S(s) or |S(jw)|<<1  191 
iii. For good noise suppression, |T(jw)|<<0 at frequencies of noise 192 
iv. For robust stability, Gain margin must be greater than or equal to 20dB  193 
v. For robust stability, Phase margin must be greater than or equal to 60degree  194 
vi. Open loop peak gain must be very much greater than 0dB for good performance (figure 2d) 195 
vii. |Lg(jw)| <<0 at high frequencies to reduce noise and model uncertainties 196 

3.3 H-Infinity Controller Design 197 

The In-Infinity controller design method here involves the control of the joint models with the developed weights W1 and 198 
W2 base on the joint parameters. The weight parameters are varied in order to improve the iteration results. The 199 
weighting functions have been chosen according to industrial performance specifications in [30]. 200 
 201 
Wp (W1): the inverse of the weighting function Wp(s) is used to impose a performance specification in terms of the 202 
sensitivity function S. Wp is chosen: 203 

      
 
  
    

       
          (17) 204 

where Ms is to introduce a margin of robustness on the peak of S, wb helps to have a sensible attenuation of disturbances 205 
and As helps to reduce the steady-state position error. 206 
Wu (W2): the control output u is weighted according to the actuator limitations. Wu(s) is set to: 207 

      
  

   
   

       
          (18) 208 

where Mu helps to impose limitations on the maximum value of the controller output signal, wbc helps to limit the effect of 209 
measurement noise and plant uncertainties at high frequencies, and ε helps to ensure a high-frequency controller gain. 210 
 211 
Proposed H-Infinity Synthesis Algorithm: 212 

 Establish the joint model G(s) for joint I and II 213 

 Apply weight W1 to control the joint sensitivity to disturbance 214 

 Apply moderate control W2 on the control signal u 215 

 Ignore the closed loop system (T) control by applying no control, W3=0 216 

 Augment or connect the plant G(s) with weighting functions W1(s), W2(s) and W3(s) (design 217 
specifications) to form an “augmented plant” P(s) 218 

 Apply H-Infinity synthesis for loop shaping and generate K (controller model) 219 

 Form the loop gain (Lg) = K*P 220 

 Form the system sensitivity function S = (1+Lg)
-1

 221 

 Form T, (1-S) 222 

 Analyze Lg, S and T for performance and robustness of the controlled system 223 

This technique allows very precise loop shaping via suitable weighting strategies and thereby achieves robust control.  224 

 225 

3.4 Proportional-Integral-Derivative (PID) Controller Design 226 



 

 

The proportional-integral-derivative controller algorithm is derived as follows: 227 

                        
 

  
           (19) 228 

Applying Laplace transformation; 229 
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              (22) 232 

Generating the loop gain of the controlled system for robust control analysis: 233 

            
 

 
                  (23) 234 

 235 
Proposed PID Controller Design Algorithm: 236 

 Establish the joint model G(s) for joint I and II, 237 

 Select the controller gains with the help of PID turner in MATLAB 238 

 Form the controller model with the gains 239 

 Form the loop gain (Lg) = K*P 240 

 Form the system sensitivity function S = (1+Lg)
-1

 241 

 Form T, (1-S) 242 

 Analyze Lg, S and T for performance and robustness of the controlled system 243 

System parameters for the simulation experiments are as presented in table 1. The experiments were carried out for the 244 
joints I and II separately based on their respective parameters. 245 
 246 
Table 1: Manipulator joint parameters 247 

Parameters Joint I Joint II 

Inertia (J) 0.001Kg-m
2
 0.0003Kg-m

2
 

Resistance (R) 3Ω 4Ω 

Inductance      0.004H 0.002H 

Torque Constant (kt) 0.1N.m/A 0.05N.m/A 

Electromotive Force Constant (Ke) 0.1V.s/rad 0.05V.s/rad 

Viscous Damping Coefficient 0.0001 0.01 

 248 

4. RESULTS AND DISCUSSIONS  249 

 250 

Figures 3 and 4 show the sigma plot of Lg, S and T function graphs of the PID and H-Infinity controllers respectively for 251 
joint I and this was repeated for joint II as shown in figures 5 and 6. The results from the sigma plots were summarized in 252 
tables 2 and 3. The sigma plots show the behaviors of the controlled system which helped to determine the robustness 253 
and performance characteristics. 254 
The H-Infinity controller was achieved by varying the values of the weights to determine the best performance and 255 
robustness loop shape of the three functions for each robot joint. For the Joint I, the following weights were used:  256 
 257 
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 260 
Fig 3: Sigma plot of Lg, S and T for PID controlled joint I 261 

 262 

 263 
Fig 4: Sigma plot of Lg, S and T for H-Infinity controlled joint I 264 
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 266 
Fig 5: Sigma plot of Lg, S and T for PID controlled joint II 267 

 268 
Table 2: Summary of PID and H-Infinity controller results for joint I 269 

Parameter PID H-Infinity 

Complementary sensitivity at high frequency -134 -220 

System sensitivity at low frequency -107 -114 

Peak Sensitivity  3 0.817 

Overshoot 7.27 0.62 

Reference tracking error 0.117 0 

Gain margin 20.4 43.6 

Phase margin 60.1 75.1 

 270 

 271 
Fig 6: Sigma plot of Lg, S and T for H-Infinity controlled joint II 272 

 273 

For the Joint II, the following weights were used:    
     

     
,       ,      274 

 275 
 276 

Table 3: Summary of the PID and H-Infinity controllers results for joint II 277 

Parameter PID  H-Infinity 

Complementary sensitivity at high frequency -153 -310 
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System sensitivity at low frequency -97.4 -82.9 

Peak Sensitivity  1.86 1.79 

Overshoot 1.86 1.17 

Reference tracking error 0.061 0 

Gain margin 37.9 41.1 

Phase margin 69 69.8 

 278 
From the results in tables 2 and 3, the H-Infinity recorded the best performance and stability robustness characteristics 279 
with lower values of peak sensitivity, overshoot, and steady state error in both joints 1 and 2 compared with the PID 280 
controllers. 281 
The robust controllers designed for the robotic manipulator joint I and II torque control were expressed in a transfer 282 
function equations as follows: 283 
 284 
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 286 
  287 

5. CONCLUSION 288 

 289 

The mathematical model for robotic manipulator joint torque control being one of the major problems of the system was 290 
achieved using the independent joint technique. This method provides a simpler plant model which can easily be 291 
implemented in the controller development and also in practical realization of the manipulator. Robust controller for an 292 
articulated robotic manipulator joint torque control was developed using H-Infinity synthesis method and compared with 293 
the PID design method. From the results, the T graph at low frequencies for H-Infinity controller recorded zero dB line at 294 
joint I and II, while for PID controller it recorded 0.117dB and 0.061dB for joints I and II respectively. Therefore, the H-295 
Infinity achieved better performance characteristics than PID. The sensitivity S graph for H-Infinity achieved peak 296 
sensitivity of 0.817dB and 1.79dB at joints I and II respectively while it achieved 3dB and 1.86dB at joints I and II 297 
respectively for PID controller. Thus, the H-Infinity controller achieved better disturbance rejection characteristics than PID 298 
controller. From the T graph, the H-Infinity recorded lower gains of -220dB and -310dB at joints I and II respectively at 299 
high frequencies than the PID which recorded -134dB and -153dB gains at joints I and II respectively at high frequencies. 300 
Therefore, H-Infinity controller achieved better noise rejection characteristics than the PID controller. It was hence 301 
concluded that the H-Infinity controller achieved better performance and robustness characteristics for the joint torque 302 
control. 303 
This work optimizes the performance of the joint torque control of the manipulator by applying the H-Infinity controller. This 304 
method improves the robustness of the system by achieving reduced or low sensitivity and good disturbance rejection 305 
characteristics while maintaining robust stability. Hence, the H-Infinity controller design method is recommended for the 306 
control of autonomous robots (humanoids), Remotely Operated Vehicles (ROVs), and Unmanned Arial Vehicles (UAMs) 307 
etc. Since, it has been noted that building humanoid robots that can do useful things in the real world, not just research 308 
labs, is very difficult [32] due to its complex nature, independent joint scheme and robust control are therefore 309 
recommended for such works. 310 
Further work should be carried out on the area of hybridizing the PID and H-Infinity controllers for better performance and 311 
robustness of the system.  312 
 313 
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